We study the viscoelectroelastic behavior of heterogeneous piezoelectric solids, focusing on the connection between hetaogeiieity and coupled mechanical and electrical relaxations. Our approach is based on the existence of a correspondence between quasistatic viscoelectroelasticity and static piezoelectricity when linear constitutive response exists. We couple this correspondence principle with micromechanics models to predict the overall behavior of heterogeneous piezoelectric solids in terms of microstructural details. We devote specific attention to a class of two-phase matthals consisting of a lossless piezoelectric phase embedded in a lossy matrix and obtain closed form expressions for the effective complex electroelastic moduli. Numthcal results are presented and discussed, and reasonable agreement with expthniait is observed.
INTRODUCTION
Widespread practical applications ofpiezoeleclric solids in numerous technological fields have fueled the understanding of many of their physical properties. A set of properties that has received little study, though, are the complex elastic, dielectric, and piezoelectric constants. Actually, the first two have received considerable attention in uncoupled elastic and dielectric solids and excellent texts exist'3. Of course the complex elastic and dielectric constants are associated with mechanical and electrical losses in the material, respectively, and in linear theoretical treatments, alternative but equivalent representations exist to the complex moduli approach.
Complex piezoelectric constants, however, have received far less attention in the literature, but they present many interesting features. Their complex parts do not necessarily represent losses, and they are influenced by both the mechanical and electric losses and their coupling through the piezoelectric effect. The rigorous thermodynamic treatment of complex piezoelectric constants has existed for quite some time,47 and a handful ofobservations exist. In most ofthe observed cases, the source of the complex piezoelectric constants was heterogeneity at some length scale. These include ferroelectric single crystals with domain heterogeneities,8 polycrystalline ceramics,9'1 piezoelectric polymers with preferentially-oriented crystalline phases,'2 bone,'3 and composites consisting of piezoeleciric ceramics in a polymer malrix.'4'7 The role of complex piezoelectric constants in polymer matrix composites is especially significant because of the many transducer applications ofsuch materials. In underwaki sonar applications, temperature changes can significantly affect mechanical and electric losses in the polymer phase, which in turn impact the complex piezoelectric constants in a nontrivial way.
Although experimental studies of complex piezoeleciric constants in heterogeneous media are limited, corresponding modeling efforts are rarer, even though substantial effort has been directed toward micromechanical modeling of elastic, dielectric, and piezoelectric constants ofheterogeneous solids in the absence oflosses.'836 In this work we study the effect of relaxation in the phases ofa heterogeneous solid on the overall response ofthe solid. Our approach follows along the lines of similar efforts in uncoupled viscoelastic composites.37° Our focus here is not on the detailed mechanisms of relaxation in individual phases, but instead on the interaction of these phase relaxations and their influence on the overall behavior of the heterogeneous solid.
BASIC EQUATIONS
Uncoupled elastic and dielectric relaxations of materials have been studied extensively and integral constitutive equations have been used to express the dependence of the current material response on the mechanical and electric loading history. In a similar manner, the constitutive equations for the linear viscoelectroelastic effect, where the elastic and dielectric relaxation are coupled through the piezoelectric effect can be written as: dEk (x,r) cr(x,t)= J [Ckl(x,t- 
where o;:i fld ey &C S1TSS and strain tensors, respectively; D and Ek are the electric disp1acemiit and field, respectively; C1, e, and ick are elastic, piezoelectnc, and dielectric moduli, respectively; x is the position vector of a material point; t and r are the currait and a reference time, respectively. It is observed from the constitutive equations that, i) elastic and electric relaxations are fully coupled through the piezoelectric moduli e; ii) by ignoring the piezoelectric relaxation, the familiar constitutive equations for uncoupled mechanical and dielectric relaxations are recovered; iii) the stress and electric displacemt depend on the strain and electric field history.
In the analysis that follows, it is convenient to treat the elastic and electric fields on equal footing. To this end, the notation introduced by Barnett and Lothe" is utilized. With this notation, the field variables take the following forms:
and the electroelastic moduli can be writti as EUkl(x,t_r)=Ckl(x,t_r),E4l(x,t_r)=el(x,t_r),Ei4kl(x,t_r)eikl(x,tT),Ei44l(1,tT)_K11(xtT)*
(3)
With the electroelastic variables writt in this abbreviated notation, the constitutive equations (1) can be rewritt as:
The equilibrium and gradiait equations for a viscoelectroelastic solid with a distribution of body force and electric charge are:
,1(x,t)+pj(x,t) =0 (5) Z1(x,t) = U1,1(x,t), (6) where p, is the body force when J equals to 1 to 3, and electric charge when J equals 4. The problem now is to detennine the electroelastic fields modeled by eqs. (4-6), and subjected to the following boundary conditions: (x,t)=Ej(t)on S1 and U(x,t)=U(x,t) on S2 (7) where S1 and 2 combined to form the surface of the solid. Note that now the field variables are all functions of time.
Assume that the viscoelectroelastic solid is subjected to a sinusoidal strain and electric field:
where co is the circular frequency and i = /:i. Substituting eq. (8) into eq. (4), and making the variable change p = t -r yields:
Let ELrzcj(x,iw)=iwfEjjjcj(x,p)e'dp , (10) where the superscript c is used to explicitly denote complex quantities. Equation (9) can be recast as:
E(x,t)=E(x,io4Z(x,t) , (11) which formally resembles the static piezoelectric constitutive equations. E can be separatl into real and imaginary parts:
E(x,iw) = E(x,iw) +iE (x,io4 , (12) where the superscripts r and i denote the real and imaginary parts ofthe complex moduli and are called the storage and loss moduli. The ratio ofloss moduli to storage moduli is called the loss tangent. Note that we use this tininology even though the complex part ofa piezoelectric constant may not represent a loss.
EFFECTIVE COMPLEX ELECTORLEASTIC MODULI OF HETEROGENEOUS SOLIDS
Consid a multi-phase composite with piecewise homogeneity. Whai the imgth scale ofheterogeneity is much less than the wavelength ofthe applied field, the effective complex electroelastic moduli E (uo) is defined by:
A correspondace principle can be established between the effective complex electroelastic moduli of heterogeneous viscoelectroelastic solids and the effective static electroelastic moduli ofpiezoelectric solids.42 That is, the effective complex electroelastic moduli ofa heterogeneous material arefound by replacing the constituent static electroelastic moduli by the constituent complex electroelastic moduli in the relationships betien the effective static electroelastic moduli and the constituent static electroelastic moduli of the heterogeneous piezoelectric solid. This correspondence principle can be coupled with any exact results or with a micromechanics model to determine the effective complex moduli of heterogeneous viscoelectroelastic solids.
For the remainder of this section we focus on two-phase composites consisting of one phase that is piezoelectric and lossless (for example, a piezoelectric ceramic) and another phase that is not piezoelectric, but is both elastically and electrically iossy (for example, a polymer). The results obtained here result as special cases ofthe more general analyses that we have presented elsewhere.42 Here we focus primarily on the behavior of the complex piezoelectric constants. More extensive results focused on the complex elastic and dieleciric constants are presented elsewhere.42
To demonstrate the basic ideas and phenomaiology, we first study two one-dimensional composite systems consisting of the two phases described above. In one case the two phases are arranged in parallel and in the other they are arranged in series. The constitutive equations ofthe two phases and ofthe composite in both cases are: t7 Cce_ecE D=eCe+KCE (14) We take phase 1 to be the uncoupled (nonpiezoelectric) lossy solid. It has a volume fraction c1, elastic constant = c + iC , and dielectric constant ,c = ,c + 1K . Phase 2 is the lossless piezoelectric solid. It has a volume fraction c2, elastic constant C2, piezoelectric constant e2, and dielectric constant K2. All three ofits constants are real.
When the two phases are arranged in parallel the effective moduli ofthe composite are given exactly by the linear rule of mixtures. This case is not particularly interesting as the composite always exhibits a real piezoelectric constant, and so we do not discuss it further. More interesting is the case when the two phases are arranged in series. Thai the stress and eleciric displacement in both phases are equal to the average stress and average electric displacement in the composite. The effective moduli of the composite can be obtained as:
We note the following intesting results: i) the nonzero piezoelectric loss moduli e' is related to the product of the piezoelectric constant e2 ofthe ceramic and loss moduli C and K ofthe polymer; ii) As seen in Fig. 1 , since K i5 negative and C is positive, may change sign for different volume fractions (note that the sign convention for dielectric loss moduli he is different from the usual choice); iii) the dielectric loss moduli ,c' and elastic loss moduli C of the piezoelectric composite may exceed the corresponding constants in uncoupled composites due to the piezoelectric coupling. Turning to more realistic microstructures, we computed the effective complex moduli of both fiberous and laminated two-phase composites by applying the correspondence principle along with the Mon-Tanaka mean-field approach.435
Complete details are given elsewher,42 but when the matrix is uncoupled and lossy and the reinforcement (fibers or lamina) is piezoeleciric and lossless, closed-form expressions for the effective moduli simplify considerably and these are given in Tables 1 and 2 . In the results, the piezoelectric phase is taken to be transversely isotropic with x3 as the unique axis. In the composites the x3 axis is thai aligned with the fibers or nonnal to the lainina so that the composites are also transversely isotropic. To simplify the presentation of the results, we use the well-known Hill moduli k = + C12) I 2 and m = -C12)! 2 , and we use the terminology XjJk (k = 1,2) to daiote a tensor quantity X (in the contracted Voigt notation) associated with phase 1 or 2.
NUMERICAL RESULTS AND DISCUSSION
To demonstrate the applicability ofthe gieral theory, we present numerical results for a composite consisting of a PZT-5A ceramic embedded in an epoxy matrix. The independait material moduli ofthe two phases used in the calculation are = 6.37 + i 0.034 GPa, C12 -3.58 -i 0.012 GPa, K11/Ko = 4.43 1 -i 0.059 for the isotropic epoxy (where the permittivity of free space, ic = 8.85x1012 C2INm2), and C11 = 121 GPa, C2 C13 75.2 GPa, C33 111 GPa, C 21.1 GPa, e31 -5.4 C2/m, e33 = 15.8 C2/m, e15 12.3 C2/m, K1 1/Ko = 916, and K3JK0 830 for the PZT-5A. In interpreting the results presented here and the more complete results presented elsewhere,42 it is worthwhile noting that EZ represents the piezoelectric aithalpy rather than the internal aiergy, and is not necessarily positive. The overall internal energy dissipated by a passive material, which is related to the piezoelectric enthalpy, however, remains positive. Figure 2 shows the complex piezoelectric moduli e31 , e33 , and e15 for a fibrous composite. The results are presented in terms of a map of the real vs. imaginary parts of the constants as the volume fraction of the piezoelectric ceramic increases from zero to unity. Peaks occur in the loss moduli for all three constants because the loss moduli vanish at volume fractions ofzero and unity. Between these two limits, the interaction between the piezoelectric effect ofthe fibers and the elastic and electric losses ofthe polymer contributes to the nonzero piezoelectric loss moduli of the composite. The imaginary parts of e31 and e33 are caused by the elastic loss in the polymer, and thus, they are positive. This is because the strain components they are associated with, and £33 , are uncoupled from the electric field in polymer matrix due to the fibrous configuration. Thus the dielectric loss in the poiymer has no effect on e31 and e33 in these particular deformation mode.
The imaginary part of e15 changes sign as the volume fraction increases. This is because the piezoelectric constant e15 is associated with the sirain component e13 which whai present induces an electric displacement D1 in the piezoelectric ceramic. Since D1 is continuous across fiber-matrix intth'aces, D1 , as well as E1 , will be induced in the polymer matrix.
Thus both the elastic and dielectric loss in the polymer contribute to the imaginary part of e15 . It is also noted that the is a peak in the real part of e33 . This is because 133 = e33e33 + + e22) where e33 is positive and e1 is negative. Whai &33 S applied, and e22 the cuamic will have signs opposite of e33 due to the Poisson effect. Thus the initial addition ofpolymer (as C2 decreases from unity) will enhance the averageD3 in the composite, and lead to a higher effective e33. Figure 3 shows the complex piezoelectric moduli e31 , e33 , and e15 for a laminated composite. The results are again presented in terms ofa map ofthereal vs. imaginary parts ofthe constants as the volume fraction ofthe piezoelectric ceramic increases from zero to unity. The imaginary parts of e15 is positive because only the elastic losses ofthe polymer contribute to it. This is because for the laminate configuration, the strain compona.fl 63 is uncoupled from the electric field in the polymer. Both the elastic and dielectric losses contribute to the imaginary parts of e31 and e33 , but they are apparently dominated by the dielectric losses ofthe polymer.
In order to validate the theory, we fabricated a series of PZT-5A reinforced epoxy laminates with different PZT-5A volume fractions. We used a three-component Marx oscillator'6'47 to measure the real and imaginary parts of Young's modulus ofthe epoxy and ofthe composite samples. We found E 2.7 GPa, and Q' = E1 /Ef1 = 0.043 48 for the epoxy. Figure 4 shows the measured and predicted loss tangent ofthe composites ( Q' = E1 I Ef ) as function of volume fraction of PZT-5A. For the composite, the layering is normal to the x3 axis and so the x1 -x2 plane is isotropic. We considered two cases in the calculations. First, we ignored the mechanical and dielectric losses in the ceramic, and only considered these losses in the polymer. As a result, the theoretical prediction underestimated the measured loss tangent of the composite, although it agrees qualitatively. We attributed this discrepancy to the fact that the ceramic also experiences losses. We attempted to account for the mechanical and dielectric losses of PZT-5A using QM =75 and QE = 50 as obtained for a resonating thin disc.49 This data, though, is not sufficient to filly characterize the transversely isotropic ceramic as, for example, this gives QM e(1 -C12 I C33)! -C12 I C33) . As an initial estimate then, we assumed the loss moduli ofPZT-5A are isotropic with Cj2 = -Cj1 /2 . With these considerations, the theoretical predictions show better agreement with experiment, but now overestimate the loss tangent of the composite. This is probably because we do not accurately know the complete set ofcomplex moduli ofthe ceramic.
CONCLUSIONS
We studied the viscoelectroelastic behavior of heterogeneous piezoelectric solids. We coupled the correspondence principle with simple one-dimensional analyses and the Mon-Tanaka micromechanics model for three-dimensional composites to predict the overall behavior of piezoelectric composites comprised ofphases with complex moduli. We gave explicit expressions for the effective complex electroelastic moduli of two-phase composites consisting of a lossless piezoelectric phase embedded in a lossy matrix. Numerical results for the complex piezoeleciric moduli were presented and discussed, and reasonable agreement was observed between predictions and measurements for laminated composites. We found that the inclusion oflosses in the piezoelectric ceramic improved the agreement between predictions and theory.
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